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Resonance energy transfer between two atoms in a conducting cylindrical waveguide
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We consider the energy transfer process between two identical atoms placed inside a perfectly
conducting cylindrical waveguide. We first introduce a general analytical expression of the energy
transfer amplitude in terms of the electromagnetic Green’s tensor; we then evaluate it in the case
of a cylindrical waveguide made of a perfect conductor, for which analytical expressions of the
Green’s tensor exist. We numerically analyse the energy transfer amplitude when the radius of the
waveguide is such that the transition frequency of both atoms is below the lower cutoff frequency
of the waveguide, so that the resonant photon exchange is strongly suppressed. We consider both
cases of atomic dipoles parallel and orthogonal to the axis of the guide. In both cases, we find that
the energy transfer is modified by the presence of the waveguide. In the near zone, that is when
the atomic separation is smaller than the atomic transition wavelength, the change, with respect
to the free-space case, is small for axial dipoles, while it is larger for radial dipoles; it grows when
the intermediate region between near and far zone is approached. In the far zone, we find that
the energy transfer amplitude is strongly suppressed by the waveguide, becoming virtually zero. A
physical interpretation of these results is discussed. Finally, we discuss the resonance interaction
energy and force between two identical correlated atoms in the waveguide, one excited and the other
in the ground state, prepared in their symmetric or antisymmetric superposition.
I. INTRODUCTION
Resonance energy transfer between quantum emitters
is the exchange of excitation between them mediated by
the quantum electromagnetic field [1, 2]. This process
is of considerable importance in many different fields of
physics, as well as in chemistry or biology, where coher-
ent energy transfer between chromophores is supposed
related to the very high efficiency in light-harvesting ob-
served in the photosynthesis process [3, 4]. It is also di-
rectly related to the resonance interaction force, that is
a force resulting from the photon exchange between two
atoms in the vacuum space, one excited and the other
in the ground state, prepared in their symmetric or an-
tisymmetric state [2, 5]. In the energy transfer process,
the excitation, initially localised on one atom (donor), is
transferred to the other atom (acceptor) through the elec-
tromagnetic field. Description of this process at different
distances, i.e. near-field (radiationless), far-field (radia-
tive or retarded) and the intermediate region where retar-
dation effects start to appear, requires a full quantum-
electrodynamical theory [6, 7]. For atoms in the free
space, the energy-transfer amplitude behaves as r−6 in
the near-field region (Fo¨rster limit) and as r−2 in the
far-field region [8].
Since the pioneering work of Purcell, it is known that
radiative processes of any quantum emitter(s), for ex-
ample the spontaneous emission of one or more atoms,
are affected by the environment [9]. Radiation-mediated
interactions, such as van der Waals and Casimir-Polder
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interactions, can be also significantly affected by the en-
vironment, that changes the photon density of states and
the dispersion relation [10–13], as well as from the pres-
ence of neighbouring atoms [14], or due to a uniformly
accelerated motion of the atoms [15, 16]. Recently, inves-
tigations on how to control and tailor radiative processes
through the environment have become a very active field
of research, even in the case of time-modulated environ-
ments [17–19]. For example, the effect of a structured
environment such as a photonic crystal on the dipole-
dipole interaction [20–24], or on the resonance interac-
tion force between two entangled atoms [5, 25, 26], has
been investigated, showing possibility of enhancement or
inhibition of the interaction. The effect of dispersive and
absorbing surrounding media on the energy transfer be-
tween two atoms has been investigated [27, 28], as well
as the possibility to control the resonance energy trans-
fer between nanostructured emitters through a reflecting
plate [29, 30].
In this paper we consider the resonance energy transfer
between two identical atoms, or any other quantum emit-
ter (for example quantum dots), placed on the axis of a
cylindrical waveguide made of a perfect conductor. We
first obtain an analytical expression of the energy transfer
amplitude in terms of the electromagnetic Green’s tensor
of the cylindrical waveguide, whose expression is known.
We then evaluate numerically the energy transfer ampli-
tude in terms of the relevant parameters of the system,
specifically the distance between the atoms and the ra-
dius of the waveguide, relative to the atomic transition
wavelength. We consider both cases of atomic dipoles
parallel and orthogonal to the guide axis. We explicitly
show that the presence of a lower cutoff frequency in-
side the waveguide can deeply change the energy transfer
amplitude, with respect to the case of atoms in the free
space, in the far (radiative) zone, while in the near (radi-
2ationless) zone the change, although present, is much less
important. A physical interpretation of these results is
given. The relation of the results obtained with the reso-
nance interaction energy and force between two identical
entangled atoms inside the cylindrical waveguide is also
discussed.
This paper is structured as follows. In Sec. II we in-
troduce our system and introduce a general expression of
the resonance energy transfer between the atoms in terms
of the electromagnetic Green’s tensor of a generic envi-
ronment. In Sec. III we evaluate, using both analytical
and numerical methods, the energy transfer amplitude
for atoms inside a metallic cylindrical waveguide, show-
ing how the guide can significantly change the energy-
transfer process according to the relevant parameters of
the system. In Sec. IV we discuss the relevance of our
results for the resonance interaction energy between cor-
related atoms. Finally, Sec. V is devoted to our conclu-
sions and final remarks.
II. ENERGY TRANSFER IN TERMS OF THE
ELECTROMAGNETIC GREEN’S TENSOR
We first introduce the energy transfer process between
two identical two-levels atoms (or quantum dots), located
inside a generic macroscopic structured environment and
interacting with the quantum electromagnetic field. Let
us consider two atoms, labeled with A and B, and sup-
pose that atom A (donor) is in its excited state, while
atom B (acceptor) is in its ground state. The atom A
can decay and emit a real or virtual photon that can be
absorbed by atom B. Excitation is thus transferred from
donor to acceptor atom through the electromagnetic field
[31]. In this section we obtain the energy transfer rate
between the two atoms in a generic macroscopic envi-
ronment, whose properties are described by its electro-
magnetic Green’s tensor [27, 32, 33]. According to the
generalized Fermi golden rule [1, 8], this is given by
Wi→f =
2π
~
| 〈ψi|T |ψf 〉 |2δ(Ef − Ei), (1)
where |ψi〉 = |eA, gB, 0〉 and |ψf 〉 = |gA, eB, 0〉 are re-
spectively the initial and the final state of the two-atom
system, with energy Ei and Ef . | gA/B〉 and | eA/B〉 are
respectively the ground and excited atomic states, and
| 0〉 represents the photon vacuum state in the presence
of the external environment. We assume the two atoms
identical, with transition frequency ω0 = ck0. T is the
transition operator at the second order,
T = Hi +Hi
1
Ei −H0Hi, (2)
where H0 and Hi are the unperturbed and interaction
Hamiltonians, respectively, and Ei = Ef is the energy
of the initial and final states. The second-order energy-
transfer amplitude between the two atoms can be written
as
M = 〈ψi|T |ψf 〉 =
∑
I
〈ψi|Hi |I〉 〈I|Hi |ψf 〉
Ei − EI , (3)
where |I〉 are the intermediate states with energyEI , that
can contribute to the energy transfer process. If both
atoms are in the free space, the energy transfer amplitude
is given by the well-known expression [6, 34–36]
M
(±)
fs =
dgeAid
eg
Bj
4πǫ0r3
[(
δij − 3rˆirˆj
)
(1± ik0r)
− (δij − rˆirˆj)k20r2
]
e∓ik0r, (4)
where the ± sign refers to the two possible choices of cir-
cumventing the pole in k = k0 by adding a small positive
or negative imaginary part ±iη to the energy denomina-
tor in (3), and we have used the Einstein notation for
repeated indices. k0 is the atomic transition wavenum-
ber associated to its transition frequency, r is the dis-
tance between the atoms and dgeαi = 〈g| dαi |e〉 (α = A,B)
their dipole-moment matrix elements. For a random ori-
entation of the atomic dipole moments, Eq. (4) yields
a monotonic distance dependence of the energy transfer
rate, proportional to [34, 36]
|M (±)fs |2=
2 | dA |2| dB |2
(4πǫ0r3)2
(
3 + k20r
2 + k40r
4
)
. (5)
We now assume the atoms placed in a generic linear
magneto-dielectric environment. It is well known that
the presence of the environment can significantly affect
the resonant energy transfer process [27, 29, 37]. To in-
vestigate the excitation exchange between the two atoms
inside a structured environment, we exploit a procedure
based on the Green’s tensor formalism [27, 32, 33, 38].
This method has been widely used in many contexts,
from quantum electrodynamics to quantum optics, and
its merit is that all relevant properties and effects of the
environment are included in the Green’s tensor expres-
sion. It has been used, for example, to evaluate van
der Waals and Casimir-Polder forces in external environ-
ments [13, 39–42], or to investigate the collective spon-
taneous decay of two quantum emitters placed nearby a
reflecting mirror [43]. We will use this approach to ob-
tain the energy transfer amplitude when two emitters are
inside an environment such as a conducting cylindrical
waveguide. We first briefly review the method and the
relevant expressions for the energy transfer in a generic
linear magnetodielectric environment [27]. In the next
section, we will then specialise our considerations to the
specific case of a perfectly conducting cylindrical waveg-
uide, which is the main point of this paper.
The Green’s tensorG(r, r′, ω) is defined as the solution
of the Helmholtz equation (see, for example, [33, 38])[
∇× 1
µ(r, ω)
∇×−ω
2
c2
ǫ(r, ω)
]
G(r, r′, ω) = δ(r−r′), (6)
3with the boundary conditionG(r, r′, ω)→ 0 for |r−r′| →
∞, and where ǫ(r, ω) and µ(r, ω) are respectively the
electric and magnetic permittivity of the medium. The
medium-assisted electric field operator is expressed as
E(r) =
∫ ∞
0
dωE(r, ω) +H.c.
=
∑
λ=e,m
∫
d3r′
∫ ∞
0
dωGλ(r, r
′, ω) · fλ(r′, ω) +H.c.,
(7)
where
Ge(r, r
′, ω) = i
ω2
c2
√
~
πǫ0
Im ǫ(r′, ω)G(r, r′, ω)(8)
Gm(r, r
′, ω) = i
ω
c
√
− ~
πǫ0
Im
1
µ(r′, ω)
[∇′ ×G(r, r′, ω)]T(9)
are respectively the electric and magnetic Green’s tensor
components. They satisfy the following relation
∑
λ=e,m
∫
d3sGλ(r, s, ω) ·G∗Tλ (r′, s, ω)
=
~µ0
π
ω2ImGλ(r, r
′, ω). (10)
The bosonic matter-assisted operators f†λ(r, ω) and
fλ(r, ω) in (7) are respectively the creation and annihi-
lation operators describing the combined system of the
electromagnetic field and the magnetodielectric medium.
They satisfy the following commutation relations[
fλi(r, ω), f
†
λ′i′(r
′, ω′)
]
= δλλ′δii′δ(r− r′)δ(ω − ω′),[
fλi(r, ω), fλ′i′(r
′, ω′)
]
= 0, (11)
where the subscript λ = e,m refers to the electric and
magnetic parts.
The Hamiltonian of our system can be expressed as
H = Ha +Hf +Hi (12)
where Ha and Hf are respectively the unperturbed
atomic and field Hamiltonians (in the presence of the
medium), given by
Ha =
∑
n=e,g
EAn |nA〉 〈nA|+
∑
n=e,g
EBn |nB〉 〈nB| , (13)
Hf =
∑
λ=e,m
∫
d3r
∫ ∞
0
dω ~ω f†λ(r, ω) · fλ(r, ω), (14)
where we have modeled the atoms as two-level systems
(|e〉 and |g〉 being the excited and ground state with en-
ergy Ee and Eg, respectively), and Hi is the interaction
Hamiltonian in the multipolar coupling scheme, within
the dipole approximation,
Hi = −dA ·E(rA)− dB ·E(rB). (15)
Here |nA(B)〉 are eigenstates of the atomic Hamiltonian of
atom A(B) at position rA(B), dA(B) is the atomic electric
dipole moment operator, and E(r) is the electric field
operator evaluated at the atomic position r = rA(B).
Using second-order perturbation theory, the energy
transfer amplitude M is (see Eq. (3))
M (±) =
∑
I
〈eA, gB, 0|Hi |I〉 〈I|Hi |gA, eB, 0〉
Ei − EI ± iη , (16)
where Ei = ~ω0, with ω0 = ck0 the transition frequency
of the atoms, and η → 0+. Taking into account Eq. (15),
only two intermediate states |I〉 contribute to the energy
transfer amplitude (16)
|I〉1 = |gA, gB,1λ(r, ω)〉 ,
|I〉2 = |eA, eB,1λ(r, ω)〉 , (17)
where 1λ(r, ω) is a medium-assisted excitation of the
field. The sum over the intermediate states (17) in Eq.
(16) can be written as a sum over λ (electric and magnetic
field modes), and an integral over space and frequency,
that is
M (±) =
∑
λ=e,m
∫
d3r
∫ ∞
0
dω
×
[
〈ψi|Hi |gA, gB,1λ(r, ω)〉 〈gA, gB,1λ(r, ω)|Hi |ψf 〉
Ei − EI1 ± iη
+
〈ψi|Hi |eA, eB,1λ(r, ω)〉 〈eA, eB,1λ(r, ω)|Hi |ψf 〉
Ei − EI2
]
(18)
(the energy denominator in the second term of (18) does
not vanish in the integration range of ω).
Using the expression (7) of the electric field in terms
of the Green’s tensor, the interaction Hamiltonian (15),
commutation relations (11) and the relation (10), after
some algebra we have
M (±) =
1
πǫ0c2
∫ ∞
0
dωω2
∑
ij
{
1
ω0 − ω ± iη
×
[
degAiImGij(rA, rB , ω)d
ge
Bj
]
− 1
ω0 + ω
[
degAiImGij(rB , rA, ω)d
ge
Bj
]}
. (19)
Equation (19) gives the amplitude probability that the
electronic excitation is transferred from one atom to the
other, when the atoms are placed inside a generic linear
magnetodielectric environment, whose properties are ex-
pressed in terms of the electromagnetic Green’s tensor. A
prescription to avoid the resonant pole must be specified,
similarly to the free-space case.
4We wish to stress that the process discussed above is
also directly related to a quantum interaction energy be-
tween the atoms. It is the resonance interaction energy
between two atoms, one in an excited state and the other
in the ground state, prepared in a correlated (symmetric
or antisymmetric) state in the photon vacuum [5]. In-
deed, the second-order energy shift ∆E due to the atom-
field interaction (exchange of one real or virtual photon
between the atoms) is given by
∆E± = P
∑
I
〈ψ±|Hi |I〉 〈I|Hi |ψ±〉
~ω0 − EI , (20)
where P indicates the principal value, and the state |ψ±〉
is
|ψ±〉 = 1√
2
(|eA, gB, 0〉 ± |gA, eB, 0〉), (21)
that is the symmetric or antisymmetric entangled state.
In such a case, the excitation is delocalized between the
atoms.
Following the same procedure used before, we obtain
a general expression of the distance-dependent resonance
interaction energy between the two atoms in terms of the
Green’s tensor of a generic environment (apart single-
atom energy corrections that do not contribute to the
interatomic force)
∆E± = ± 1
2πǫ0c2
P
∫ ∞
0
dωω2
∑
ij
{
1
ω0 − ω
×
[
degAiImGij(rA, rB, ω)d
ge
Bj + d
eg
BiImGij(rB , rA, ω)d
ge
Aj
]
− 1
ω0 + ω
[
dgeBiImGij(rB , rA, ω)d
eg
Aj
+ dgeAiImGij(rA, rB, ω)d
eg
Bj
]}
. (22)
The resulting interatomic force between the two entan-
gled atoms, prepared in their symmetrical (+) or anti-
symmetrical (-) superposition, is then obtained by tak-
ing the derivative of (22) with respect to r =| rA − rB |,
changed of sign (quasi-static approach). In the last sec-
tion of this paper we will specialise this result to the
case of two atoms inside a perfectly conducting cylindri-
cal waveguide. Taking into account that Gij(r, r
′, ω) =
Gji(r
′, r, ω) [33], Eqs. (22) and (19) show the strict rela-
tion between the resonance interaction energy ∆E± and
the resonance energy transfer amplitude M . In the free
space, Eq. (22) yields an interaction energy scaling as
r−3 in the near (nonretarded) zone and as r−1 in the
far (retarded) zone, with space oscillations [2, 5] (in the
case of the energy shift, the principal-value prescription
around the resonance pole yields space oscillations, con-
trarily to the monotonic result for the energy transfer
where a different way to avoid the pole is used).
III. ENERGY TRANSFER BETWEEN TWO
ATOMS INSIDE A CONDUCTING
CYLINDRICAL WAVEGUIDE
We now specialise our investigation to the case of two
identical two-level atoms, one excited and the other in its
ground state, placed inside a perfectly conducting cylin-
drical waveguide, as shown in Fig. 1. The waveguide
consists of a perfectly conducting cylindrical shell of ra-
dius R; we suppose that the atoms are located on the
axis of the waveguide, z being the interatomic distance.
According to Eq. (19), in order to obtain the energy
transfer amplitude between the two atoms, we need the
expression of the electromagnetic Green’s tensor for the
cylindrical waveguide.
R
z
e
g
ω
0
A
B
FIG. 1: The physical system: two atoms on the axis of a
perfectly conducting cylindrical waveguide.
The analytical expression of Green’s function of a
cylindrical waveguide, with the appropriate boundary
conditions, is known in the literature and it has the fol-
lowing form [44] (see also [13, 45])
G(r, r′, ω) = − 1
k2
δ(r− r′)zˆ ⊗ zˆ
+
∑
n,m
[
cµnMeonµ(±kµ)M′eonµ(∓kµ)
+ cλnNeonλ(±kλ)N′eonλ(∓kλ)
]
(z ≷ z′),
(23)
where the M and N vector cylindrical wave functions are
given by
Me
omµ(h) =
[
∓nJn(µr)
r
sin
cos
(nφ)rˆ−∂Jn(µr)
∂r
cos
sin
(nφ)φˆ
]
eihz,
(24)
Ne
onλ(h) =
1
k
[
ih
∂Jn(λr)
∂r
cos
sin
(nφ)rˆ ∓ ihn
r
Jn(λr)
sin
cos
(nφ)φˆ
+ λ2Jn(λr)
cos
sin
(nφ)zˆ
]
eihz.
(25)
Here, µ = qnm/R and λ = pnm/R, with pnm the mth
root of the n-order Bessel function (Jn(pnm) = 0), and
5qnm the mth root of the derivative of the n-order Bessel
function ( J ′n(qnm) = 0). λ and µ are the radial com-
ponents of the wavevector k (k = ωc ) of the electric
field component for, respectively, the transverse mag-
netic (TM) and transverse electric (TE) modes inside the
waveguide; likewise, kλ and kµ are the axial components
of the wavevector. Since the atoms are placed on the
cylinder’s axis, the Green’s tensor (23) can be simplified
as [13]
G(r, r′, ω) =
i
4π
∑
m
[(
eikµz
2Iµ1kµ
+
kλe
ikλz
2Iλ1k2
)
× (rˆ ⊗ rˆ + φˆ⊗ φˆ) + λ
2eikλz
Iλ0kλk2
zˆ ⊗ zˆ
]
, (26)
where
Iµ1 =
R2
2
(
1− 1
q21m
)
J21 (q1m), (27)
Iλ1 =
R2
4
(
J0(p1m)− J2(p1m)
)2
, (28)
Iλ0 =
R2
2
J21 (p0m), (29)
and
kλ =
√
k2 − λ2, (30)
kµ =
√
k2 − µ2. (31)
The presence of the cylindrical waveguide changes the
density of states of the electromagnetic field inside it, and
in particular determines a lower cut-off frequency for the
TE and TM modes inside the waveguide, given by
(ωmin)TM ≃ 2.4c
R
; (ωmin)TE ≃ 1.8c
R
. (32)
Since the value of ωmin depends from the waveguide ra-
dius R, it is possible to modify the electromagnetic field
modes allowed inside the waveguide, and in particular its
lower cutoff frequency, by modifying R. It is thus possi-
ble to control the energy transfer between the atoms, by
changing R.
The presence of a lower cut-off frequency, as we will
now show, has a strong effect on the excitation trans-
fer between the atoms: if k0R ≪ 1, the atomic transi-
tion frequency is smaller than the waveguide cut-off fre-
quency (ω0 < ωmin), and thus the waveguide suppresses
the e.m. field modes resonant with the atomic transition
frequency. Since they cannot contribute to the exchange
of excitation between the atoms, the energy transfer will
be strongly suppressed in this regime. Otherwise, when
ω0 > ωmin the resonant field modes do contribute to the
excitation transfer, and we expect that the energy trans-
fer amplitude will be much less influenced by the presence
of the waveguide.
In this paper we mainly focus on the first regime above
mentioned, ω0 < ωmin, where the presence of the guide
is expected to be relevant. In this case, the frequency
ωmin is the lower limit of the frequency integral in Eq.
(19). Since the waveguide Green’s tensor (26) is symmet-
ric with respect to the exchange of the atomic positions,
ImGij(rA, rB , ω) = ImGij(rB , rA, ω) (∀i, j, ω), the en-
ergy transfer amplitude (19) becomes
M =
2
πǫ0
∑
ij
degAid
ge
Bj
∫ ∞
kmin
dk
k3
k20 − k2
ImGij(rA, rB, ω).
(33)
Since Gij(rA, rB, ω) is diagonal, we can write Eq. (33)
as a sum of three terms
M = Mz +Mr +Mφ, (34)
Mz =
(degA · zˆ)(dgeB · zˆ)
2π2ǫ0
∑
m
λ2
Iλ0
∫ ∞
kmin
dk
k cos(kλz)
(k20 − k2)kλ
,
(35)
Mr =
(degA · rˆ)(dgeB · rˆ)
4π2ǫ0
∑
m
∫ ∞
kmin
dk
k3
k20 − k2
×
(
cos(kµz)
Iµ1kµ
+
kλ cos(kλz)
Iλ1k2
)
, (36)
Mφ =
(degA · φˆ)(dgeB · φˆ)
4π2ǫ0
∑
m
∫ ∞
kmin
dk
k3
k20 − k2
×
(
cos(kµz)
Iµ1kµ
+
kλ cos(kλz)
Iλ1k2
)
, (37)
where kmin = ωmin/c. As mentioned, we now investi-
gate in detail the behavior of the energy transfer ampli-
tude in the regime Rk0 ≪ 1, as a function of the rele-
vant parameters of the system: the interatomic distance
z =| rA − rB |, the waveguide lower cut-off frequency
ωmin and the orientation of the atomic dipoles relative
to the waveguide axis. For symmetry reasons, we need
to consider only the two following cases: axial dipoles
(Mz contribution) and radial dipoles (Mr contribution),
relative to the waveguide axis.
A. Axial dipoles
We first assume that the atomic dipole moments are
parallel and oriented along the positive z axis (that is
along the waveguide axis). In this case the energy trans-
fer amplitude M is given only by the Mz term, because
(36) and (37) vanish. Taking into account that Rk0 ≪ 1,
the integral over k in (35) becomes∫ ∞
kmin
dk
k cos(kλz)
(k20 − k2)kλ
=
∫ ∞
0
dkλ
cos(kλz)
k20 − λ2 − k2λ
, (38)
where a change of variable has been done by using (30)
(λ is constant with respect to the integration variable
6kλ). We wish to point out that in our case there is not
a resonant pole at k = k0 in the k integrals, because
k0 < kmin.
The integral in (38) has poles at the imaginary values
kλ = ±i
√
λ2 − k20 , and application of the residue theo-
rem to the integral over kλ in (38) yields
πe−
√
λ2−k2
0
z
2
√
λ2 − k20
. (39)
We thus obtain
Mz =
degAzd
ge
Bz
2πǫ0
∑
m
λ2
Iλ0
e−
√
λ2−k2
0
z
2
√
λ2 − k20
. (40)
The sum on m in (40) is over all radial field modes al-
lowed in the waveguide. Using the root test, it is possible
to show that this series converges. We have evaluated
numerically this quantity and verified explicitly that a
good estimate for the energy transfer amplitude can be
obtained by taking the first thirty terms of this sum (for
the ranges we are considering).
We have evaluated numerically the energy transfer am-
plitude (40) as a function of the interatomic distance z, in
two different regimes: z < λ0 (near zone) and z > λ0 (far
zone). In our numerical evaluation, we have chosen the
waveguide radius equal to R = 10−8m, and the atomic
transition wavelength λ0 = 5 · 10−7m.
z (10-8 m)
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FIG. 2: Comparison between the energy transfer amplitude
M =Mz (axial dipoles) in the free space (orange dashed line)
and in the waveguide (blue solid line), as a function of the
interatomic distance z, for z < λ0 (near-zone). The numerical
values of the parameters are chosen such that λ0 = 5 · 10
−7
m, R = 10−8 m, and deg
A/B z
= 10−30 C · m.
Fig. 2 shows the energy transfer amplitude between
the two atoms in the near zone as a function of the in-
teratomic distance z, in the waveguide (blue continuous
curve) and in the free space (orange dashed curve). The
two plots show that the behavior with the distance is sim-
ilar in the two cases. The plot in Fig. 3 represents the
ratio between the energy transfer amplitude in the waveg-
uide and in free space. It shows that for z . 1.2 · 10−8m
z (10-8 m)
0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
M
z
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FIG. 3: Energy-transfer amplitude in the near zone between
atoms with axial dipoles, normalised to the free-space energy-
transfer amplitude, as a function of the interatomic distance
z. When z approaches the transition region between near and
far zone (z ∼ λ0), the amplitude in the waveguide becomes
more and more suppressed with respect to the free-space case.
The parameters used are λ0 = 5 · 10
−7 m, R = 10−8 m and
d
eg
A/B z
= 10−30 C · m.
the two amplitudes are essentially the same, while for
z & 1.2 · 10−8m, when the intermediate region between
the near and far zone is approached, the amplitude in the
waveguide becomes more and more suppressed.
This result is related to the fact that in the near
zone the interaction is essentially the electrostatic dipole-
dipole interaction, which is not significantly modified by
the waveguide. Approaching the intermediate region,
z ∼ λ0, the effect of the waveguide on the amplitude
becomes more relevant. On the contrary, in the far zone,
a numerical analysis shows that the energy transfer in the
waveguide is strongly inhibited with respect to the free-
space case by several orders of magnitude: it is virtually
zero for z > λ0.
The results obtained show that, since in the regime
Rk0 ≪ 1 (ω0 < ωmin) the resonant field modes are sup-
pressed, the energy transfer in the waveguide is slightly
modified in the very near zone, more and more sup-
pressed approaching the intermediate region, and totally
inhibited (virtually zero) in the far zone. The completely
different effect of the waveguide in the near and far zones
is due to the fact that in the near zone the process is
essentially radiationless, while in the far zone it is a reso-
nant radiative process, and that, in the cases considered,
photons resonant with the atomic transition frequency
cannot propagate in the guide.
We can also investigate the energy transfer ampli-
tude as a function of the waveguide cut-off frequency
ωmin ∝ 1R . By decreasing R, the cut-off frequency ωmin
increases and the gap between ω0 and ωmin increases
too, further reducing the energy-transfer process. Fig. 4
shows the numerical results obtained in the near zone for
the energy-transfer amplitude, as a function of the waveg-
uide radius R. The transition wavelength is λ0 = 5 ·10−7
7m and the distance between the atoms is z = 10−8 m.
In this regime, when the waveguide radius R is increased
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FIG. 4: The energy transfer amplitude Mz for axial dipoles
in the near zone, z < λ0, between two atoms placed inside
the cylindrical waveguide (blue solid line), as a function of
the waveguide radius R. The orange horizontal line shows
the value of the energy transfer amplitude in the free space.
The numerical values of the parameters are z = 10−8 m, λ0 =
5 · 10−7 m and degA/B z = 10
−30 C · m.
and thus the gap between ω0 and ωmin decreases, the
absolute value of the energy transfer amplitude first in-
creases and then settles to an almost constant value. On
the contrary, by decreasing R, the energy transfer am-
plitude quickly tends to vanish, as expected. These re-
sults show that the energy transfer between the atoms
inside the waveguide can be strongly modified through
the waveguide’s radius R, both in the near and in the far
zone.
B. Radial dipoles
We now consider the case of atomic dipole moments
along the radial direction (that is orthogonal to the guide
axis), and parallel to each other. In this case the energy
transfer amplitudeM is given only by the termMr, while
the contributionsMz andMφ vanish (Eqs. (35-37)). The
analytic expression of the energy transfer amplitude for
radial dipoles, when Rk0 ≪ 1, can be obtained from Eq.
(36) which, after performing the integral over k, yields
Mr =
degArd
ge
Br
8πǫ0
∑
m
(
− k
2
0e
−
√
µ2−k2
0
z
Iµ1
√
µ2 − k20
+
√
λ2 − k20e−
√
λ2−k2
0
z
Iλ1
)
. (41)
The root test shows that the sum over the radial field
modes in (41) converges, and a numeric check shows that
the first forty terms of the sum give a good numerical es-
timate of it in the range of parameters we are considering.
As in the previous case of axial dipoles, we now investi-
gate Mr as a function of the interatomic distance z and
the waveguide cut-off frequency ωmin. Fig. 5 shows the
energy transfer amplitude in the near zone as a function
of the interatomic distance z, using the same values as be-
fore for the atomic transition wavelength (λ0 = 5 · 10−7
m) and the waveguide radius (R = 10−8 m). In this
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FIG. 5: The energy transfer amplitude for radial dipoles in the
near zone, z < λ0, as a function of the interatomic distance
z. The blue solid line is for atoms in the waveguide, while the
orange dashed line refers to the free-space case. The parame-
ters used are λ0 = 5·10
−7 m, R = 10−8 m and degA/B r = 10
−30
C · m.
regime, the energy transfer amplitude inside the waveg-
uide is reduced with respect to the free-space case, and
this effect is much larger with respect of the previous
case of axial dipoles. The reduction of the energy trans-
fer amplitude significantly grows as the transition region
between near and far zone is approached (for example,
for z = 5 · 10−8m it is reduced of about three orders of
magnitude).
In the far zone, our numerical analysis shows that the
behaviour of the energy transfer is very similar to that
for axial dipoles case: the waveguide strongly suppresses
the energy transfer amplitude, which is virtually zero.
These results confirm that the energy transfer amplitude
is significantly affected by the presence of the waveguide.
The amplitude is more and more reduced, with respect to
the free-space case, when the transition region at z ∼ λ0
is approached, and completely suppressed in the far zone.
We now consider the excitation exchange between the
atoms in the near zone, as a function of the waveguide
cut-off frequency ωmin or equivalently of the waveguide
radius R. Fig. 6 shows that the energy transfer ampli-
tude decreases for decreasing R, as expected because the
difference between the atomic transition frequency ω0
and the waveguide cut-off frequency ωmin, increases. In
the range considered, it is smaller than in the free space,
even if of the same order of magnitude.
In conclusion, our findings show that, for both axial
and radial dipole orientations, the presence of the waveg-
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FIG. 6: The energy transfer amplitude Mr for radial dipoles
in the near zone (z < λ0), as a function of the waveguide
radius R, for atoms inside a cylindrical waveguide (blue con-
tinuous line). The orange horizontal line gives the value of
the amplitude in the free space.. Parameters are z = 10−8m,
λ0 = 5 · 10
−7m and degA/B r = 10
−30 C · m.
uide allows us to control (reduce or inhibit, for example)
the energy transfer process.
IV. RESONANCE DIPOLE-DIPOLE
INTERACTION ENERGY BETWEEN ATOMS
INSIDE THE PERFECTLY CONDUCTING
WAVEGUIDE
In this section we discuss the resonance dipole-dipole
interaction energy between two entangled atoms placed
on the axis of a perfectly conducting cylindrical waveg-
uide, which is given by Eq. (22). We consider the case
Rk0 ≪ 1, that is ω0 < ωmin. In this case the field modes
resonant with the atomic transition frequency are sup-
pressed by the waveguide, and do not contribute to the
resonance interaction energy. Since the electromagnetic
Green’s tensor (26) is symmetric for exchange of the po-
sitions of the atoms, Eq. (22) yields
∆E± = ± 2
πǫ0
∑
ij
degAid
ge
BjP
∫ ∞
kmin
dkk3
k20 − k2
ImGij(rA, rB, ω),
(42)
where + and − signs refer, respectively, to the symmetric
or antisymmetric entangled state in Eq. (21).
Expression (42) coincides in modulus with the energy
transfer amplitude (33). In fact, it should be noted that,
due to our assumption k0 < kmin, the resonant pole at
k = k0 is absent: thus, the principal value in (22), as
well as the ±iη prescription in (19), do not play any
role. Thus all results obtained in the previous section for
the energy transfer amplitude, when the atomic transi-
tion frequency is below the waveguide lower cutoff fre-
quency, can be easily extended to the resonance interac-
tion energy between correlated atoms. We stress that the
interatomic resonance interaction and the resonant en-
ergy transfer process, are different albeit related physical
processes: the resonance interaction (42) is a quantum
interaction energy between two atoms, one excited and
the other in the ground state, prepared in a symmetrical
or anti-symmetrical entangled state, arising from the ex-
change of a photon between them; it eventually yields a
force between the atoms (in a quasi-static approach, the
force is obtained from the derivative of the interaction
energy with respect to the interatomic distance, changed
of sign). We discuss this interaction energy as a function
of the interatomic distance z and the waveguide cut-off
frequency ωmin.
The plot in Fig. 2 shows that, in the near zone, the in-
teraction between the two atoms (symmetric state) with
axial dipole moments has essentially the same behaviour
as in the free space. Approaching the transition region
between near and far zone, the resonance interaction be-
comes more and more suppressed with respect to the free-
space interaction, as it is highlighted in Fig. 3 where their
ratio is plotted.
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FIG. 7: Resonance interaction energy for the symmetric state
in the near zone between atoms with radial dipoles, as a func-
tion of the interatomic distance z, normalised to the free space
interaction. When z approaches the transition region between
near and far zone (z ∼ λ0), the resonance interaction becomes
more and more suppressed with respect to the free-space in-
teraction. The parameters used are λ0 = 5·10
−7 m, R = 10−8
m and degA/B r = 10
−30 C · m.
More significant differences between the waveguide and
free-space cases, emerge when we consider the radial
dipole moments, in the near-zone (z < λ0), as repre-
sented in Fig. 5 for the symmetric state. Now, the pres-
ence of the waveguide more deeply influences the reso-
nance interaction between the atoms. Fig. 7 shows the
ratio between the interaction energy in the waveguide
and in the free space; it highlights that the resonance in-
teraction energy changes from repulsive to attractive, for
distances greater than z & 2.9 · 10−8m, while it remains
repulsive for atoms in the free space. Also, in this range
the interaction is reduced by a factor of the order of 10−3,
compared to the free-space case (much more than in the
axial-dipoles case). In the far zone limit, the resonance
9interaction is strongly suppressed by the waveguide and,
analogously to the energy transfer discussed in the pre-
vious section, it is virtually zero.
Similar considerations hold for the case of the antisym-
metric state, where the resonance interaction is the same
that for the symmetric state, except for a change of sign
(see Eq. (42)).
All these results clearly show that the waveguide
deeply modifies the character and the strength of the in-
teraction (both in the near- and in the far-zone regimes).
The reduction of the interaction energy is small in the
very near zone and it becomes more and more significant
when the intermediate region is approached, yielding a
complete inhibition of the interaction in the far zone.
V. CONCLUSIONS
In this paper we have investigated the energy transfer
amplitude between two identical atoms, interacting with
the quantum electromagnetic field, placed in a macro-
scopic environment such as a perfectly conducting cylin-
drical waveguide. The energy-transfer process studied
is also directly related to the resonance interaction en-
ergy and force between two identical correlated atoms,
prepared in a symmetrical or antisymmetrical Bell-type
state.
We have first introduced a general analytical expres-
sion for the energy transfer amplitude (and the resonance
dipole-dipole interaction between two identical atoms) in
a generic structured environment, exploiting the Green’s
tensor formalism. We have then considered the specific
case of the energy transfer between two identical atoms
placed on the axis of a perfectly conducting cylindrical
waveguide, which determines a lower cutoff frequency for
the electromagnetic modes inside it. We have considered
both cases of atomic dipole moments parallel and orthog-
onal to the axis of the waveguide. When the atomic tran-
sition frequency is smaller than the cutoff frequency of
the waveguide, we have shown that the presence of the
waveguide can significantly change the energy-transfer
amplitude, depending on the distance between the two
atoms compared to their transition wavelength (near ra-
diationless zone or far radiative zone). We have shown
that, when the atomic transition frequency is smaller
than the waveguide lower cutoff frequency, the energy
transfer process is strongly suppressed in the far zone,
while it is only much less influenced in the intermediate
and near zone (the latter effect is much larger for radial
dipoles than for axial dipoles). A physical interpreta-
tion of this result is given. We have also shown that,
in this regime, the resonance interaction force between
two atoms with radial dipole moments, in the near zone,
changes its character from repulsive to attractive. These
results show how the presence of the external environ-
ment, the cylindrical waveguide in our case, can signifi-
cantly change atomic radiative processes such as the reso-
nance energy transfer and the resonance dipole-dipole in-
teraction energy, yielding possibility of controlling them
through the environment (mainly the waveguide radius,
in the present case) and even inhibiting them.
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